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1. Introduction 

In this paper, we introduce zeta values of rational convex cones in a fi- 
nite dimensional vector space over Q, which is a generalization of cyclotomic 
multiple zeta values. Cyclotomic multiple zeta values appears in the period 
integral for the fundamental group of C^ — A^n? where is the subgroup 
of A^-th root of unities in C ^ . The reader may find references for cyclotomic 
multiple zeta values in ^RJ. 

Let C be a rational convex cone in R"^ and /i, . . . , be rational linear 
forms on Q'" which is positive on the interior of C. Let x be a finite order 
character of Z"^. The summation of 

ll{x) ■ ■■ln{x) 

over the integral points x in the interior of C is denoted by C,c{h, ■ ■ ■ ,ln-, x) 
and called the zeta value of the convex cone C. Our main theorem asserts 
that the zeta value of a convex cone C can be expressed as a Q"^-linear com- 
bination of cyclotomic multiple zeta values, where Q"'' denotes the extension 
of Q adjoining all roots of unities. Here we give the outline of this paper. 
After defining zeta values of convex cones, we show that the zeta values have 
integral expressions. Motivated by these integral expressions, we introduce 
one variable functions /(j/n) and we compare them with cyclotomic multiple 
poly logarithms, whose special values are cyclotomic multiple zeta values. The 
zeta values of C can be expressed as an integral of I^ynYs. We study sequence 
of differential equations satisfied by these functions I^ynY^ and compare cy- 
clotomic multiple polylogarithm and I{yn)^s. Main theorem is a consequence 
of these relations of functions. 

By integral expressions of zeta values of cones, these zeta values can be 
regarded as period integrals of varieties of pairs of some open parts of toric 
varieties and sub-tori. Related varieties are defined as follows. Let (C^)" be 
a torus and 

<^„v, :(c^r^cx 

be surjective homomorphisms for i = l,...,m, j = l,...,m'. We define 
divisors A = (p~^{l),Bj = ip'^il). We set U = (C^)*" - U,A and B = 
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Ur\{UjBj). Then the relative cohomology H^{U; S, Q) is of mixed Tate type. 
By our main theorem, the period integral of H^{U; B, Q) can be expressed in 
terms of cyclotomic multiple zeta values. In this paper, we produce concrete 
algorithm to get the expression of zeta values of cones by cyclotomic multiple 
zeta values. 

2. Cyclotomic multiple zeta values and zeta values of convex 

CONES 

In this and next sections, we give the definition of zeta values of convex 
cones and their integral expression. 

Definition 2.1. (1) Let N, ki, . . . , km > 1 be natural numbers and x = 
(Xi, . . . ,Xm) be a homomorphism from Z"^ to /in- We assume that 
km 7^ 1 if xi^j • • • ; 1) ^ trivial character. We define a cyclotomic 
multiple zeta value C{ki, . . . , km, x) by 

({ki, . . . ,km,x) = X/ "fcTT i TTo 7 i i u~' 

where = N — {0}. The natural number N is called the modulus 
of the cyclotomic multiple zeta values. 
(2) Let fii\j be the subgroup of N-th root of unities in and fi^o = 
UnHn. We put Q"'' = Un>iQ{iJ'n)- Let be the Q°'^-sub linear 
space of C generated by multiple zeta values of modulus N, i. e. 

Zpf — {C{ki, . . . , km, x) \x is a character whose values are contained in 

jiN, km^l ifxiO, ■ ■ • ,0, 1) = 1) 

We define by the linear hull of Zj^ for all N > 1. 

Definition 2.2 (Rational convex cone). (1) A closed convex set C inTU^ 
is called a rational convex cone if there exist finite number of rational 
vectors vi, . . . ,Vb such that 

C = K+vi + ■■■ + K+vt. 

Moreover, if we can choose linearly independent vectors vi, . . . ,vij over 
R, C is called a simplicial cone. The interior of the cone C in the 
H- linear hull of C is denoted by C°. 

(2) A subset a of a convex cone C is called a face of C if there exists a 
linear form I of Q™' such that (1) 1(a) > 0, and (2) a — {x \ l{x) = 

o}nc. 

(3) Let X be a character of Z"^ and li, . . . ,ln be rational Q-linear forms 
on such that li{C^) > (i = 1, . . . ,n). We define Cc{h, ■ ■ ■,ln,x) 
by 

Cc{h,...,ln,x)= Yl UxV^'-l (xV 

if the sum is absolutely convergent. Cc{h, ■ ■ ■ , Im, x) i^ called a zeta 
value of a convex cone C . 
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The main theorem of this paper is the foUowing. 

Theorem 2.3. The value (cih, ■ ■ ■ , In-, x) an element oj Z^. 

Remark 2.4. (1) Cyclotomic multiple zeta values that converge abso- 
lutely are special case of multiple zeta values for convex cones and 
linear forms. 

(2) A proto-type of this summation can be found in Zagier's paper [Zj. 

(3) In this paper, we give an explicit algorithm to compute the value of 
Cc(/i,---,/n,x)- 

3. First reduction and integral expression 

In this section, we reduce the main theorem to the case where C is a 
simphcial cone and the semi group C fl Z"^ is freely generated by integral m 
elements. Moreover we show that the zeta value of a convex cone C admits 
an integral representation. 

Lemma 3.1. Let L D Z™" be a lattice in Q™' such that the index k = [L : Z"^] 
is finite. Let C be a rational convex cone in R"^. Let x '■ Z"^ — > /^w be a 
character and 

be the absolutely irreducible decomposition of Ind^^m^x)- Then we have 

X{X) 1 >A Xi{x) 



lAx) ■ ■ -Inix) ^ li(x) ■ ■ ■ ln(x) 

Moreover if the left hand side converges absolutely, then each sums of the right 
hand side converges absolutely. 

Proof. For x G L, we have an equality 



Ind^-m{x){x) 



[L:Z"^]x(x) ifxGZ^ 
if X ^ Z^ 



Let X = (xi, . . . , Xm,) be a coordinate of Z"^. The condition for absolutely 
convergence of the summation for the left hand side (resp. right hand side) 
is equivalent to the finiteness of the integral 



L 



Id li{x) ■ --Inix) 

where D is the convex hull of C^flZ"^ (resp. C^CiL). Therefore two conditions 
are equivalent. □ 

Proposition 3.2. Let C = R!p. Let li, . . . ,ln be non-zero linear forms on 
Q™" defined by 

h = ^lia^l + ■ ■ ■ + hmXm 
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with lij G N. Let x be a character of of finite order. We put 
Ml = 2/1" ■■■yl-\...,Mm = yi^™ ■ ■ -yi"™. 

Then we have 
(3.1) 

x(l,...,l)Mi---M^ dyi dyr 



(0 



iy„ (1 - x(ei)Mi) • ■ ■ (1 - xMMm) yi yr 



where = (0, . . . , 0, 1 , 0, . . . , 0), if the left hand side exists. 
Proof. For x G Z"^, we have 



■ ■ -/nlx) 7(0,1)" yi---yr, 

dyi--- dyr 



J (0.1)" 



(0,1)" yi---yn 

By taking the summation for x € (N^)'" and using the absolutely convergent 
condition for summation, we change the integration and summation. Thus 
we get the theorem. □ 

Corollary 3.3. For any rational cone C, character x ofTi"^ and linear forms 
/i, . . . , with li{C^) > 0, the zeta value of Ccih, ■ ■ ■ JmX) can be expressed 
as a 0,°'^ -linear combination of integrals of the form \H. 

Proof. We choose a decomposition C = U^^^Ci of rational convex cone C, by 
rational m-dimensional simplicial cones C^. Then is a disjoint union of 
open part of simplicial cones, which is denoted as 

1=1 

Let Vi be a linear hull of Di and Vi fl Z"^ is denoted as Li. The zeta values 
of Di with respect to the lattice Li is denoted as Coiih Idj, • ■ ■ , Id^, X IdJ- 
Then we have 

re 

(3.2) Cc{h,---Jn,x) = ^CoAh \Di,---Jn IdJ- 

i=l 

For each z, we can choose a super-lattice Li D Li with [Li : Li] < oo and 
Li n Di is generated by di elements. By using Lemma 13.11 and Proposition 
13. 2| each term of the right hand side of ()3.2jl can be express as a Q"^-linear 
combination of the integrals of the form fj3.ip . □ 



Remark 3.4. Harmonic shuffle relations for multiple zeta values come from 
these decompositions. 
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4. Preparation for a decomposition by simplicial cones 

In this section, we give some construction of decomposition of a convex 
cone by rational simplicial cones. Let be non-zero linear forms on 

and C an n-dimensional rational convex cone. 

Notation 4.1. Let a he a linear form on Q". The set a ■ is called a 
linear form up to constant multiple and denoted as [a] . 

Definition 4.2. (1) Let IS. he a simplicial cone and a he a linear form 
on A. The linear form a is said to he definite on A if a{/S) > or 
a(A) < 0. 

(2) Let S = {di, . . . ,di} he a set of linear forms up to constant multiple. 
A decomposition 

(4.1) C = uiiA, 

of C hy simplicial cones is said to he compatihle with respect to the 
set S if dj is definite on Ai for j = 1, . . . , Z. 

(3) Let «!, he linear forms on A and di = [ai]. Let F he a codi- 
mension one face of A. The set S = {di, ...,«;} of linear forms 
up to constant is said to he non- degenerate with respect to F if the 
restriction of ai to F is non- zero for z = 1, . . . , / . 

We use the following fact 

Fact 4.3. Let C and S = {«!,..., «/} he as ahove. Then there exists a 
decomposition \4-^\ ) with the following properties. 

(1) The decomposition is compatihle with respect to S. 

(2) There exists a codimension one face Fi of Ai such that the set S = 
{di, . . . , di} is non- degenerate with respect to Fi. 

Definition 4.4. (1) A sequence of simplicial cones 

F : A = A(°) D A^^) D ■ • ■ D A(""^) 

is called a flag of A i/A« is a codimension i face of A*^*) . For a flag 
F , there exists a coordinate (ryi, . . . , r]n) of Q"" such that 

(a) A = {r]i > for i = 1, . . . , n}, 

(b) A(^) = {(771, . . . , 77„) e A I 771 = ■ ■ ■ = 77i = 0}. 

This coordinate is called a standard coordinate for the flag F. 

(2) Let A he an n-dimensional simplicial cone, a he an [n—i)- dimensional 
face of A. Then there exist a unique i dimensional face a* of A such 
that a n a* = {0}. The face a* is called the dual face of a. 

(3) For two convex cones ai and a2, the linear join ai * a2 of ai and 02 
is defined hy 

ai * a2 = {ax + 6y | a, 6 G R, a, 6 > 0, a + 6 = 1, a; G ai, y G a2}. 

Remark 4.5. (1) // two linear forms a\ and a2 are distinct up to con- 
stant multiple and ai{v) 7^ 0, 02 (f) 7^ 0, Then the restriction {ai{v)a2 — 
Q!2(f)Q!i) If is non-zero. 
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(2) Let F be a flag of n- dimensional simplicial cone A and A^'^-^) the 
one dimensional component of the flag F . The dual of A^'^~^^ in A is 
a codimension one face and denoted as ir{F). The face ir{F) is called 
the irregular face of the flag F. A face a of A is called a regular face 
if it is not contained in the irregular face ir{F). Let {rji, . . . , r]n) be a 
standard coordinate for the flag F. Then an n^- dimensional regular 
face a is defined by 

(4.2) Vj = Oforj^{ii,...,inJ, 

where 1 < ii < ■ ■ ■ < in„ = n. The coordinate {rji^ , ■ ■ ■ , Vina ) of a is 
called the standard coordinate. We put rji^ = Vij' ' ' jVin^ ~ ''In^- 

We define the notion of derived sequence of finear forms. 

Definition 4.6 (Derived sequence of linear forms). (1) Let A be a sim- 
plicial cone, F be a codimension one face of A and S — {ai, . . . , ai} 
be a set of linear forms up to constant multiple on A which is non- 
degenerate with respect to F. Let v be a non-zero vector in the dual 
F* of F. We define a set Df{S) of linear forms on F up to constant 
multiple as the union of 

(a) the set {[a \f] \ [a] G S}, and 

(b) the set {[{ai{v)a2 — a2{v)ai) \f] \ [cti], [0:2] G S, ai{v) 7^ 0, 0:2 7^ 
0}. 

(2) Let F = {A(o) D A^^) D • • • D A("-i)} be a flag of A and S^'^ be a set 
of linear forms up to constant multiple on A^. The pair {F, {S^^^ji} 
is called a derived sequence of linear forms if the following conditions 

are satisfied. 

(a) The set S^'^^ is non- degenerate with respect to the face A*^*+-'-). 

(b) The set S^'^ is definite on A^^ . 

(c) I)a(»+i)(5«)c 5(^+1). 

Proposition 4.7. Let F be a flag of n-dimensional simplicial cone A and 
(F, {S^'^^}i) a derived sequence of linear forms. 

(1) The restriction of an element a G 5^*^ = 1, . . . , n — to A^""-^) is 
non-zero. In other words, using a standard coordinate (771, ... , 77^) of 
A, the linear form a can be written as 

with a^^+i) > 0, . . . , a^^-i) > 0, a^") > 0. 

(2) Let a be a regular face of the flag F. The restriction of an element 
a G 5"*^*) to cr n A^*^ is non-zero. 

(3) Let a be a codimension one regular face of the flag F defined by r}p = 0. 
We define a flag of F^^ = a H F by 

(7 = A(o)nc7 D AWncT A(p-i)nc7 = A(J') d--- a^^-^) 
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For i < p — 1, we define a set of linear forms Sa^ on A^^^ n a by 

Si'^ = {[« lA(On.] I [«] e S^'^}. 

and for i >p — l, we define S^^ = S^^^^K Then (-Fa, {5'^ ■*}i=i,...,n-2) 
is a derived sequence of linear forms. 

Proof. The statement (1) and (2) is obvious from the definition of derived 
sequence of hnear forms. 

(3) Let a* be the dual face of a. Then 

for i < p — 1. Therefore we can use common v in Definition 14.61 (QJ to define 
D .(i) {Sa and -D^to {S^^~^^). As a consequence, for i < p — 1, we have 

D^,.,{Si'-'^) = {[a l^w] I [a] e 
C {[a I [a] G 

Since {[a L (,)] | [d G S^'H = si"'^ if z < p - 1, and 

the third condition for a derived sequence for hnear forms are satisfied. The 
first condition is a consequence of the second statement of the proposition, 
and the second condition is obvious. □ 

Corollary 4.8. Let A he an n- dimensional simplicial cone, F be a flag of A 
and V = (F, {S"*^*^}) be a derived sequence for F. Let a be an m- dimensional 
regular face for F and 1 < ii < i2 < ■ ■ ■ < r]i^^^ = n be the index set given in 
((g. We set 

(1) Ai°) =ct,aS') = cTnA(^^-i),...,Ai"'^-') =cTnA(^--i) and 
(2) 

Then F„ = {Ai*^}i=o,...,n<,-i is a flag of a and = (F^, {5'i*^}i=o,...,n<,-i) 
is a derived sequence of a. 

Definition 4.9. The above derived sequence is called the restriction ofT> 
to a. 

Proposition 4.10. Let C be an n-dimensional rational convex cone in R"" 
and S — {«!, . . . , ai} be a set of linear forms on Q" distinct to each other up 
to constant multiple. Then there exists 

(1) a decomposition C = U^A^ by rational simplicial cones and 

(2) a flag 

F,:A, = Af)DAf)D---DAf-^) 
for each i = 1, . . . , /c, and 
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(3) a sequence of sets of linear forms sf'\ s\^\ . . . , 5'^^"' up to constant 
multiple on A^^-*, A^"'^-', . . . , A^"' 

such that pairs {F^, {S\''^}j} is a derived sequence for i = 1, . . . , /c and S^^^ = 
{ai, ...,ai}. 

Proof. Step 1. We inductively construct the following sets and maps. 

(1) Index sets . . . , /("-"^^ and a surjective map p : J*^*-' 
for z = 1, . . . , 71 — 1. 

(2) (n — z) -dimensional simplicial cones A^*'* indexed by j G /*^*^ 

(3) A set Sj^^ of linear forms up to constant multiple on A^*'*. 
with the following properties: 

(1) For k e 

Ek - Up(j)=fcA^- 
is a decomposition by simplicial cones of a codimension one face of 
At". 

(2) The set ^si* is non-degenerate with respect to the face of 



A. 



(i-i) 



(3) Each element in is definite on A 

(4) Sf^ isequaltoI)^(.-i)(^^;-/)). 



k 



Step 2. Let pi : /('^"i) ^ /(^) be the successive composite of p. We inductively 



construct the following decomposition of A^*'' for j G /*^*^: 



(4.3) A« = U,,(,).,A« 



For z = 71 — 1, we put Ap"" = Ap" for p G /*■"' ^\ We construct a 
decomposition of A[.* for k G /(*~^) using decompositions fj4.3|l of A^*'' for 

j G The dual simplex of E^: in aI* is denoted by cl* For 



G /('^-i), we put A^,' = aJ,'^ * G^'. ^) Then we have 



Pi-i(p)' 
= (U,(,).,A«)*Gr^) 



= (U,,_,(p)=,A«)*4^-^) 
= Up^_,(p)=fcAj,*"^^ 
As a consequence, we have a decomposition 

AW = Upe,(»-.)AW. 



of A*^*^). On the simplicial cone Ap , we have a flag 

F„ : AW D AW D ■■■ D A('^-i). 
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For p e I^'^ ^\ we have a inclusion Ap^ C ^p\py The restriction of 'S'^*|p) to 
Ap^ is denoted as Sp^ . Then we have 

and the pair {Fj, {Sj^^}j) is a derived sequence of linear forms. □ 

Let A be an n-dimensional simplicial cone, F be a flag on A and T> = 

(F, {^(^)},) be a derived sequence of linear forms. For a regular face a of 
A, the restriction of P to cr is denoted as V^. We fix a standard coordinate 
(?7i, . . . , r]n) of A with respect to the flag F. Let ei, . . . , > 1 be natural 
numbers. Then the coordinate {fji, . . . ,fjn) defined by rji — Cifji is also a 

standard coordinate for F. Then the linear form a = a^^^rji H h a^'^^rjn is 

transformed into 

a = (eiCK^^))^! + h (e„a^"))^n 

with respect to the coordinate (f/i, . . . , f/^). 

Lemma 4.11. Let V = (F, {S''^*^}) he a derived sequence of linear forms on 
F, (rji, . . . , r]n) be a standard coordinate of A for F. Then there exist natural 
numbers ei, . . . , Cn > 1 with the following property: By changing coordinate 
(fji, . . . , fin) with a relation rji = Cifji, any element a e S^^ such that a{v) ^ 
for a non-zero vector v in (A^^^-*)* has a representative 

a = Ctj+i^f+i H h Q!n,C 

such that CKi-i-i = 1 and aj e N for j >i + l. 

Definition 4.12. (1) The representative a — {ai+i, . . . , an) with the 
above property is called the primitive representative. The standard 
coordinate {rji, . . . ,r]n) is called primitive with respect to the derived 
sequence V if it has the property of the above lemma. 
(2) Let V = (F, {S^^^}i) be a derived sequence of linear forms and v a 
non-zero element o/(A(*+^))*. The set of primitive representative of 
the subset 

{a e S'^'^ I a{v) ^ 0} 
of S^"^^ is called the variable part of S^^^ and denoted as Sv}r- 

5. The second reduction, Definite integral of type S and type V 

Let A be an n-dimensional simplicial cone and F a flag of A, We choose 
a primitive standard coordinate (r/i, . . . ,?7n) of A with respect to the flag F. 
Let S = {cKi, . . . , a;} be a set of distinct deflnite non-zero rational linear forms 
on A up to constant. For a linear form 

(5.1) a = a^^^r/i + h a'^'^^rjn on A such that a^^ e N, 

2/" denotes a monomial in Q[yi, . . . , yn] defined by = ^ • • • 
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Definition 5.1. (1) We consider a rational function of the form 



(6.2) L = n(Y 



i=l 



where oii is a linear form on A with the condition \5.1\l and Ci is an 
element of fiN for some N eN. The integral 



(5.3) /=/ L(yi,...,y^)^ 

^(0,1)" 



dyr 



is called a definite integral of type S if [a^] €5" (i = 1, . . . ,p) and the 
integral \5.'^) converges absolutely. 
(2) Let F he a flag of A. For a derived sequence V = (F, {S^'^^}i), the 

integral is called a definite integral of type V if at E UlLi^ "^^"^ 
and the integral converges absolutely. 

Example 5.2. 

The integral of the right hand side of ()3.H1 is a definite integral of type 5", 
where 

S = {[ai],...,[am]}, 

fti = /ii?7i H \-lniVn (i = 1, ...,m). 

Proposition 5.3. Let A be an n- dimensional simplicial cone and S = {ai, . . . , ai} 
be a set of linear forms on A up to constant multiple such that cxi is definite 
on A. Let I be a definite integral of type S. Then there exists 

(1) a finite number of n-simplexes Ai, . . . A^, 

(2) a flag Fj of Aj /or j = 1, . . . , k, 

(3) a derived sequences of linear forms Vj = [Fj, {3^^^}) (j = 1, . . . ,k) 

with Sj^^ = S for z = 1, . . . , /c and 

(4) and a definite integral Ij of type Vj for j = 1, . . . , /c 

such that I is Q,"'^ -linear combination o/ /i, . . . , /fc. 

Proof. We apply the construction of Proposition l^TTUl for A and S = {ai, ...,«;} 
and we get a decomposition 



(5.4) A = U,e/A, 



of simplicial cones, a flag Fj on Aj and a derived sequence Vj = {Fj, {5'j*'*}) 
with the properties of PropositionHUni We fix a standard coordinate (771, . . . , 77, 



5 I In) 



of A. For each j, we choose a coordinate {rii'f\ . . . , jyi'''*) of A-, with a relation 



= X]fc=i '^ikVk^ with the property of Lemma f4.11[ We introduce a new 

(7) (7) (7) (i) 

variable yl , . . . ,yn and define a monomial yi, . . . ,yn of yl , . . . ,yn by 

(5.5) = y,iy['\ . . . , y^^^) = (yp^)"- . . . (^^O))"^^^ 
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Since (0,1)" = {exp(— 77) | rj G A}, by the decomposition fj5.4|) . we have a 
decomposition of (0, 1)"^ = Uj^jDj, where 

Di = {exp(-?7) \r) e Aj} 

= {iyiiy['\. . . , . . . , yn{y['\ ■ ■ ■ , yL'^) I y['^ e (0, 1), . . . , yi'^ g (0, 1)}. 
Thus the integral (|5.3|1 is equal to 

dyi dyn /" \dyi dyn 



I ^(yi,---,?/n)— = V / L{yi,...,yr. 

J (0,1)- yi Vn ^iJdj 



yi yr. 



For a linear form a, a monomial can be regarded as a monomial of 
y[^\ . . . , yn^ by the relation ()5.5p . which is denoted as . By changing 

coordinate of integral, we have 

p 



Ciy"^ \ Mi dyi dyr 



j i=l 

P 

e 



eiy"^' / yi yn 



/ n ( 



A • ■ ■ A 



(o,i)",=i M-ei(yO))<^ 2/1 2/n 
where A*^-'^ = det(a^j''). Then by the property of the coordinate in Lemma 

14.111 we have a[''^ = eiOL'p with ol'P G S'^-^Ja^ some p and G . Using 
the equality 

1 - aw^ ~ -1-1 ^ X-hw'" ' 

the second line of fj5.6|l is expressed as a Q^'^-linear combination of definite 
integrals of type Vj. □ 

Remark 5.4. Shuffle relations for iterated integrals come from these decom- 
positions. 

6. The third reduction, Definite Integral of type V and 
uni-factor integral of type v 

Let A be an n-dimensional simplicial cones, F a flag on A and V = 
(F, {S^'^^}i) be a derived sequence of linear forms. We consider a function 
I{yn) of yn defined by the following integral. 

dyi dyn-i 



(6.1) I{y^)= L(2/i,...,y^_i,y„) 

where 

L{yi, . . . , 2/n) = n n _T,,aOM. ^^^^ «z e ]J e, g 

i=i > j 

and /ii > 1. 

Lemma 6.1. Let y^ G (0, 1). Then the followings are equivalent. 
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(1) The rational function 

Liyi,---,yn) 
yi ■ --yn-i 

is bounded on (0, x {yn}- 

(2) The numerator of L{yi, . . . , y^) is divisible by yi for 1 < i < n — 1. 

(3) The integral \fi. 1\) converges absolutely. 

The integral (16.111 is called a uni-factor integral of type T) if 

n-l 



L{yi,...,yn) = YlLi{yi+i,...,yn) 



i=0 

,Oli 



eiy 



with ai e S^^l^.Hi > 1, Ci e /Xoo, or 



and the equivalent conditions in Lemma l6.1l are satisfied. 

In the rest of this section, we express the integral ()6.H1 as a linear combi- 
nation of "uni-factor integral" . 

Proposition 6.2. The integral I{yn) in (E3P can be written as a Cl°'^-linear 
combination of uni-factor integrals of type V. Moreover if the numerator of 
L in the expression h6.1\) of the integral I{yn) is divisible by y^, then it can 
be written as a Q,"'^ -linear combination of uni-factor integral such that the 
numerator of L in \6. 1\) is divisible by yn- 

Proof. 

The subset of {yi, consisting of elements dividing the numerator of 

L(?/i, . . . , y^) is called the zero set of . . . , y^) and denoted by Z{L{yi, . . . , yn))- 
Let p {1 < p < n) he an integer. By the induction of we prove that the 
integral fl6.1|l can be expressed as a Q"^-linear combination of integrals of the 
form 

(0,l)"-P-i Vp+l Vn-l J{Q,1)P yi Vp 

where 



f^y^' 

3>P 

-1 



N^^\y^,...,yn) = X[Nl^\y,+^,...,yn) 



N^^\y,+i,...,yn)= <( a-e.rO'^' 

with Z{M^P^ N^P'^) D {yi, . . . , y-n-i}- To proceed the induction, it is enough 
to prove the following lemma. □ 



i=0 

with ai e 5'^'2^, > l,ei G /ioo, or 
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Lemma 6.3. A rational function 

I 



M{yi, ...,yn) = Y\ —^^^^-^—-with a, e S^fJ^, G ^oc 
can be expressed as a Q""^ -linear combination of rational functions of the form 

such that Z{N) D Z{M). 



Proof. We prove the lemma by the induction of X]i=i A*i- If ^ = 1? then there is 

nothing to prove. We assume / > 2 and ^ — and ^ — have 

- (1 - eiy"i)/^i (l-e2y"2)A*2 

distinct factors of denominators. We put ciy"'^ = yp+i7i, 62?/"^ = yp+172. 

By the property of derived sequence, we may assume 72/71 = (62/61) ■ y^ E 

Q[yp_i_2, ■ • ■ 5 Vn] and [S] G 5"*^^+^^. On the other hand, we have 

iiVp+i 721/p+i _ 72/71 iiVp+i ^ f -72/71 72yp+i 



1 - 7iyp+i 1 - 72?/p+i (1 -72/71) 1 -712/p+i Vl- 72/71 >^l-722/p+i 
and 

7iyp+i 721/p+i ^ _ 72/71 liVp+i ^ 



1 - 7iyp+i 1 - 72yp+i (1 - 72/71) 1 - 7iyp+i 

722/p+i ^ 



1 - 722/p+i 
By multiplying both sides by 

3 



(1 - eiy°i)/^i-i (1 - e2y°2)A^2-i H (1 _ e,|/°0' 
using the relation 

1 e,y"' ^ ^ 



we have the statement of the lemma by the assumption of the induction for 

ELi^i- n 

Corollary 6.4. For a definite integral I in \5.'il\} . there exist a Q,""^ -linear 
combination I{yn) of uni-f actor integrals such that /(O) = and 
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7. Uni-factor integral of type V AND Simple uni-factor integral 

OF type V 

Let A be an n-dimensional simplex and F be a flag of A. Let a be a regular 
face of dimension rta for the flag F. Let 1 < ii < ■ • • < in„ = n be the index 
set given in Remark 14.51 ()4.2p and (ry^, . . . , r]^) be the standard coordinate of 
a. We consider an embedding 

deflned by 

(yr,...,CJ^(l,-- -,1,2^,1, •••,1,2^,1, •••,1,2/1) 

We generalize the notion of uni-factor integral by introducing the notion of 
weight. Let P be a derived sequence of linear forms and the restriction of T) 
to a is denoted by Po- = (-^, {Sa^})- Let k < n — 1. We consider a rational 
function 
(7.1) 

no- — 1 



(7.2) 



,crcti 



1 , ^ — with ai e S^\^^, Ci G Uqo, or 

L,(yf+i,...,y;^J = <!|l-e.r"OA^. 

satisfying the condition 

(7.3) The numerator of L{yi, . . . , y^^) is divisible by for 1 < z < k. 

Since Y[7=k ^ -^j independent of i/i, . . . ,y^, the condition (j7.3|l is equivalent 
to the condition 

fc-i 

The numerator of Y\ ^iiVi+i^ • • • , 2/^^) divisible by for 1 < z < /c. 

i=l 

Then the integral 

(7.4) i{yU,.yU2.---.yL)= j m,...,y'^/^' "^^^ 



(0,1)" 2/1 2/fc 



is a function of (y^^^, 2/^^2, • • • , 2/no 

Definition 7.1. (1) T/ie integral (|7.^| ) called a uni-factor integral of 
type Vfj of weight k. 

(2) uni-factor integral is said to he simple, if Li = 1 or fXi = 1 for 
i < k — 1 and Lj. = -^fc+i = • • • = -^n<^-i = I in the expression \7.^ . 

(3) The subset of{yf, . . . ,|/^^} consisting of elements dividing the numer- 
ator of L{yf, . . . , y^^) is called the zero set of L{yf, . . . , y^^) and de- 
noted byZ{L{y^,...,y^J). For a uni-factor integral ( fT^D , Z{L{y^ , . . . ,y^J)- 
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{Ui, . . . , y'^^} is called the zero set of the uni-f actor integral and de- 
noted by Z\l{yl^^,...,kl^)). 

If y, e Z(/(y-+i,...,A;-J), then I{y^^,, . . . \y,=o= 0. The set of 

functions on • • • , y^^) generated by uni-factor (resp. simple uni- factor 

) integrals of weight k is denoted by W^r./c (resp. S^^k)- 

We consider three sequence of statements. We use n = n'^ and (j/i, . . . , y^) 
for (yf , . . . , y'^) for simplicity. 

{A„,k) Let h{yk+i, ■■■,y-n) be an element oiU^^k and set Z = Z{h{yk+i, ■ ■ -.yn))- 
Then h{yk+ij • • • , y-n) can be written as a Q"''-linear combination of 
M{yk+i: . . . , yn)fiyk+i: ■■■,yn), where 

(a) fiyk+u • • • , ?/n) e S^'^k' with k' <k,a'< a, 

(b) 

n-l 

(7.5) M{yk+i, ■ ■ ■ ,yn) 



(7.6) M,(y,+i,...,y^) = <( {l-eyrr 



with a,; e 



and 

(c) Z C Z{M{yk+i, yn)f{yk+i, yn)) 
{Bcr,k) Let h{yk+i, ■■■,yn) be an element oiSa,k and set Z = Z{h{yk+ii • • • ,2/^))- 

Q°'''-linear combination of /(y^+i, . . . ,yn) G with k' < k and 

^ C Z{f{yk+i,...,yn)) 
(Ccr) The statement (Acr,A;) and {Bfj,k) holds for all /c. 

Proposition 7.2. 

(Ccr' /or a' < a) and 
{A^,k' for k' < k) and {A„^k) 
{B^^k' for k' < k) 

Proof. Let / = f{yk+i, ■ ■ ■ , Vn) be an element of Wcr,fc. Then / can be written 
as ^ 

/(yfc+l, • • • ,2/n) = / g{yk:...:9n) — : 
Jo Vk 

where g G U^^k-i- We put Z{g{yk, ■ ■ .,yn)) = Z \J {yk}. By the inductive 
hypothesis, the function g{yki • ■ ■ , 2/i) can be written as a Q"^-linear combina- 
tion of M{yk, . . . ,yn)h{yk, ■ ■ ■ ,yn) where (1) h{yk,...,yn) e Sa'^^aJ, (2)M = 
nr=fc-i Mi where Mi is given in the form fl7.6|l . and (3) Z{g{yk, . . . , yn)) C 
Z{M{yk, . . . , yn)h{yk, ■ ■ • , 2/n))- 

(I) The case Mk-i = 1. In this case yk € Z{h) and the integral 

\. .dyk 
h{yk,...,yn) 

yk 
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is simple uni-factor integral by definition. 

(II) The case where the (/c— l)-th factor of M is given as Mh-i = ^ 

We put y^fc-i = pyi^ with a monomial p = p{yk+i, . . . , i/n)- If ek-i = 1, the 
integral 

epvk .dyk 
7-7) / J- ——h{yk,...,yn) 

Jo {I - epykY*'-^ Vk 

is an element in S^j^k- If Cfc-i > 1, then the integral ()7.7p is equal to 



(7.8) 



(7.9) 



1 



Cfc-l - 1 



1 



{T\ \e, 1-1 ~ ■ • • . yn) 

'(1 - ep|/fc)'''=-^ ^ 



1 



yfe=o 



^117^70 ^(l-em)-^--^)(^^a^'^^'='---'^-)) yk 



The first term (I7.8|l can be written as a uni-factor integral of weight less than 
k by the equality 

1 + ^ + 7^ rT7 + --- + 



(I-X)'" 1-X (1-X)2 (1-x)"^' 

By the assumption (B^^k-i), the second term fj7.9|l can be written as a Q"^- 
linear combination of uni-factor integral of weight less than k. We can see that 
the zero set of each term in (I7.8|l and (I7.9|l contains Z{Mk-ih) — {yk}- D 

Proposition 7.3. 

(S^,fc/ for k' <k)^ (B^^k) 

Proof. Let / = f{yk+i, ■ • ■ , Vn) be an element of S^^k- Then / can be written 

as 

dyk 



f{yk+i,...,yn)= / Lk-i{yk,---,yn)9{yk,---,9: 
Jo 



yk 



where fit G 5cr,fc-i, Lk-i = with ak-i e Sa or 1. 

1 — ey"''--i 

(I) If Lk-i = 1, then Z{f) = Z{g) - {yk} and 

yi^J[yk+i,---,yn) = / yi^9[yk,---,gn) — , 
oyi Jo oyi yk 

and by inductive hypothesis, it is a Q^'^-linear combination of uni-factor in- 
tegral of weight less than k. 

(II) If Lk-i = , ""^"'7 ^ tli^n ^(/) = Z{Lk-ig{yk, ...,yi)).We have 

/"^ cey"''-^ .dyk 

7.10 + / ——^g{yk,...,gn) 

Jo (l-ey«fc-i)^ yfc 
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Here c is the coefficient of ctfc-i on rji. The second term fj7.1U|) is equal to 

-g[yk,- ■ ■ ,9n) - / —-yk^—9{yk,---:9 



1-ey 



yk=o Jo I- ey^fe-i dyk Vk 



By inductive hypothesis, we have the proposition. □ 

8. Proof of the main theorem 
By Proposition 17.21 and Proposition \7.'A\ we have the foUowing proposition 

Proposition 8.1. (1) An element f{yn) in UA,n-i can be written as a 
Q'^^ -linear combination of 

giyn) 



(1 - eu 

with /U > 0, g{yn) e SA,n-i- 
(2) For an element f{yn) G <SA,n-i, 

y-n^fiyr. 
dyn 



is an element oJUa. 



n-2- 



Definition 8.2. (1) For a differential form wi, . . . , on x, an iterated 
integral is defined inductively by 

y rv rz 

U1UJ2 ■■■Uk = {Ui{z) I U2---iOk) 

Jo Jo 

if k > 2 and usual one if k = 1. 
(2) A function on y defined by 

^ ^ dx ^ -y dx ^ dx dx ^ dx dx 



"Xr 1 ^1 ^2 ^TYl 

where ki > 1, e E /ioo is called a multiple polylogarithm of weight 
k = ki "l~ ■ ■ ■ "l~ . 

(3) Let Vk be a Q,"''^ -linear combination of — —h{y), where > 

and h{y) is a multiple polylogarithm of weight less than or equal to k. 
Proposition 8.3. Let f{y) be an element ofVk- Then 

are elements ofVk+i- 

Proof. We prove by the induction of k. Let f{y) be a multiple polylogarithm 

ry I 

of weight k and we show that the integral / — f(t)dt is an element of 
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Vk+1 by the induction on ly. If z/ = 1, the statement is true by the definition 
of multiple poly logarithm. If z/ > 2, we have 

The first term fj8.2p is an element in Vk+i by the hypothesis of induction on 
u. The second term fl8.3|l is an element in Vk by the hypothesis of induction 
on k. As a consequence, the integral (18.11) is an element of Vk+i- □ 

By Proposition 18. 1| Proposition 18. 3[ we have the following theorem. 

Theorem 8.4. UA,k C Vk- 

Theorem 8.5. // the definite integral \5J^ is absolutely convergent, it is an 
element in Z^. 

Proof. We apply Theorem 18.41 to the function /(^n) defined in (jfj.ljl . We put 



Vn 

Then by Proposition 18. 3| /(y) G Vk for some /c and lim /(y) = / exists. Since 
/(y) can be written as 

r7a<0 ^ {(e,m)|e/l or m=0} ^ ^' 

where hm{y) and He^m{y) is a Q"^-linear combination of multiple polyloga- 
rithm. By the theory of regularization in |IKZj . |Rj . hm{y) and -ffe,m can be 
written as 

N 



N 



i=0 



where am,i and ae,m,,i is a Q"^-linear combination of cyclotomic multiple zeta 
values. ([IKZ].|Rj). Since lim f{y) exists, we have am i = for m > 0, z > 

and ae,m,i = for i > 0. Therefore we have 

~ (l_e)m- 

{{e,Tn)\e^l or m=0} 



□ 
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